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Equations are given for the nonstat ionary p rocesses  occur r ing  in thermoelec t r ic  genera tors ;  
a method is developed for  investigating them by digital computer .  Sample calculations are  
given for nonstat ionary p rocesses  in a thermoelec t r ic  genera tor .  

There  is no exact analytic way of solving the sys tem of differential equations that descr ibe  nons ta-  
t ionary p rocesses  in the rmoelec t r i c  genera tors .  Thus it is neces sa ry  to use a numerical  method developed 
for  parabol ic- type  sys tems ,  i.e., the method of nets or  the method of s traight  lines [1]. 

Comparing these methods for our problem,  we see that it is bet ter  to use the s t ra ight- l ine method, 
since the method of nets requires  considerably more  programing effort,  and the solution is cumbersome.  

By using the s t ra ight- l ine  method to solve the sys tem of equations describing nonstat ionary p rocesses  
in thermoelec t r ic  genera to rs ,  we can reduce the problem to a sys tem of ordinary f i r s t - o r d e r  differential 
equations. This in turn makes it possible to employ s tandard Runge-Kut t a  routines.  

Figure l a  shows the design scheme for  the thermogenera tor ,  which consists  of flat thermocouples;  
the equation sys tem for this a r rangement  can be writ ten as 

Ou~ _X2. O~u L (i = 1, 2, 4, 6, 7), x~ l < x < x ~ ;  
Ot ' ax ~ - 

Ou 3 02uz 1 (1) 
- -  - ~ -  ~.i, x z < x < x3; 

Ot = X~ Ox 2 

Ou5 O~u~ . 1 

with the initial and boundary conditions 

u~ (x) l,=o = ~ (x) (i = I ,  2 . . . . .  7); 

1 -4- hlul = hxT med 
x -'r 

( ~  au7 
+ hvu7 ) . . . .  = h 7 T c 

and the contact conditions 

(2) 

(3) 

c~ul - 0ui+l 
~ T t -  ~ , : U~+I, = ~r,.+l ~ u~ 

(i = 1. 2, 5, 6); 

X : X  i 
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F i g .  1. D e s i g n  (a) and  s t r u c t u r a l  (b) d i a g r a m s  f o r  
t h e r m o e l e c t r i c  g e n e r a t o r :  a) 1) h e a t  l i ne  on h o t - j u n c -  
t ion  s i d e ;  2) e l e c t r i c a l  i n s u l a t i o n ;  3) c o n n e c t i n g  p l a t e s ;  
4) t h e r m a l  i n s u l a t i o n ;  5) s e m i c o n d u c t o r  m a t e r i a l ;  b) 
1) s t e e l ;  2) m i c a ;  3) c o p p e r ;  4) s e m i c o n d u e t o r m a t e r i a l .  

Ou3 ---- ~'r. Ou~ 
~,r, Ox ~ +qph '  u a = u ~ '  x = x a ;  

Ou4 = ~'r~ Ous 
~ r, O~- -3s + qp~' u~ = u~, x = x~, 

(~ 

w h e r e  u i = u(x ,  t) (i = 1 , . . . ,  7) i s  a c o n t i n u o u s  f u n c t i o n  of the  t e m p e r a t u r e  d i s t r i b u t i o n ,  w h i c h  h a s  p i e c e -  
w i s e - c o n t i n u o u s  d e r i v a t i v e s  up to o r d e r  two i n c l u s i v e .  

W e  w r i t e  the  s y s t e m  of e q u a t i o n s  f o r  the  t h e r m o g e n e r a t o r  [2] as  

I = a s [u~ (x3, t ) - -  u4 (x~, t)] 
( M +  1)r 

U ----- kse r a s [ua (x 3, t) - -  u~ (x4, t)] - -  Ik  se~ r; (5) 

P = 12Mkse r.r; 
2 ~s = t k~e x r % Iu~ (x3, t) %lu~ (x~, t) 
cV6 ' qph-- F , qpc ---- F 

N e x t ,  to s i m p l i f y  (1), we  m a k e  the  a p p r o x i m a t e  s u b s t i t u t i o n  

O"-u x=xi 1 Ox 2 - h2 [u(xi+ . t ) - - 2 u ( x j ,  t ) + u ( x i _  D t)], (6) 

w h i l e  we  u s e  the  f o l l o w i n g  f o r m u l a s  f o r  the  c o n t a c t  and  b o u n d a r y  c o n d i t i o n s :  

Ou] 1 [u(xj, t ) - - u ( x j _ ,  t)] (i = 1, n - - 1 )  (7) 

a n d  a l s o  l e t  

u(xj,  t ) = u j ( t ) ,  Ou(xj, t) . 
Ot = u j ( t )  ( i = ]  . . . . .  n - - l ) .  

S u b s t i t u t i n g  (6) and  (7) in to  (1 ) - (5 ) ,  we  o b t a i n  a s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s :  

�9 

u l , i =  7 [ u l .  ~.+l(t)--2ul,~(t)+ul,~+~ (t)l (i = 1 . . . . .  9), X o < X < X l ;  
hT 

X 2 
" 2 u : , i =  ~ [u2. ~+l ( t ) - -  2uz, i(t) + u2,i-I (t)] (i = 1 . . . . .  4), x l <  x < x2; 

�9 X~ 1 
U3, i = ~ "  [U3, i + l  ( t )  - -  2U3. i ( t )  -~ L/3, i--i (t)l - -  T 6Ji (i = 1 . . . . .  4), X 2 <:  X < X3; 

h3 

(s) 
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&'= 

X z 5 

A l l o w i n g  f o r  t he  a b o v e ,  w e  

[at. i+l (t) - -  2u4. ~ (t) + u4. ~-~ (t)] (i = 1 . . . . .  9), x~< x<x i ;  

1 
(t) - -  2u~. ~ (t) + u~, i-~ (t)l + ~ ~Ji  (i = I . . . . .  4), x ~ <  x < x~; 

[u~, ~+~ ( t ) "  2u~, ~ (t) + u~. ~-~ (t)] 

[uz, ~+~ (t) - -  2Uz. ~ (t) + uT, ~2t (t)] 

c a n  w r i t e  t he  b o u n d a r y  c o n d i t i o n s  a s  

[Ul ,  i ( t )  - -  t~l, o ( t ) ]  -t- h l U l ,  o ( t )  ~--- hiTmed(t  ), 

- -  [uva o (t) ~ u~,9 (t)l + hTu~ao (t) = hTT c (t), 

( i = l  . . . .  , 4), x ~ < x < x a ;  

(i = I . . . . .  9), x 6 <  x < xT. 

X = Xo; 

X ~ -  X 7 ,  

a n d  t he  l a y e r  c o n t a c t  c o n d i t i o n s  a s  

- -u~.9  (t)l = ~ u ~ . ~ ( t ) - - U 2 . o ( t ) ] ,  x = xl; [ U l , l O ( t )  
hi 

Ul,lO (t) = U~,o (t); 

h-'-~ [u~'5 (t) - -  u2.~ (t) ] = ~ [u3.; (t) - -  u3,o (t)l, x ,= x,; 

u~,5 (t) = u3,o (t); 

h-~- [u3"5 (t) - -  u3a (t) l = ~ [u~., (t) - -  a , , ,  (t)l + qph x = xa; 

ua,5 (t) = U4,o (t); 

h-~ jut' l~  (t) - -  u4,9 (t) l ~r~ = ~ [U~. 1 (t) - -  tq, o (t)] + qpc x ----- X4; 

u4,10 (t) = u~, o (t); 

h-~ [us,~(t) --us,~ (t) l = -h- ( [u6a (t) --u6.o(t)], x = x~; 

u5,5 (0 = U6,o (t); 

h~- ["~'~ (t) - -  u6. ~ (t) ] = - ~  [u~.t (t) - -  uT., (t)], x --= x6; 

u6,~ (t) = UT,o (t). 
I n  l i k e  m a n n e r ,  w e  c a n  w r i t e  (5) i n  the  f o r m  

1 
I = % [u~. o (t) - -  u~a o (t) ] [M (Au~) + iI r (Au~) ' 

U =/~ser  % [%0 (0 - -  u~.~o (t)] - -  k~er I (Au~. t) r (Au~i; 

P = k~e r. l ~ (Au~, t) M (Au0 r (Au~); 

a s qph = --ff- l (Au~, t)u4,6(t); 

( I  s 
qpc = -  - - f -  [(Au4, t)Ua,lo(t); 

#s  i _ k set I~ (Au4, t) rl (Au~), 
cV5 

w h e r e  A u  4 = u4,0--u4,10, M = M(Au4) ,  r = r (Au4)  a r e  g i v e n  in  t a b u l a r  o r  a n a l y t i c  f o r m .  

In  a d d i t i o n ,  

fi, ---- a~ (u4, ~-i - -  u4. f+l) [ ~  (hu~.~ ) + 11 ~ (Auk.i) ' 

(9) 

(10) 

(11) 

(12) 
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where  

�9 ~ ([xu4,3 = M~ ( 5 u 9  = M (u4. ~-~ - -  u4, ~+~) (i = 1 . . . . .  9):  

To d e t e r m i n e  the in i t i a l  condi t ions  for  (1), we m u s t  so lve  the a l g e b r a i c - e q u a t i o n  s y s t e m  for  s t a t i o n a r y  

ope ra t ion  of the t h e r m o g e n e r a t o r .  The coef f ic ien t s  in the a l g e b r a i c  s y s t e m  can be found f rom (3) and (4). 
In this c a se ,  we obta in  the n o n s i n g u l a r  m a t r i x .  

To f ind the in i t i a l  condi t ions  for  the s y s t e m  (8)-(11), we m u s t  f ind t he i r  va lues  at the node points  for  
the s t r a i g h t - l i n e  method.  

As an example ,  let  us look at the d e t e r m i n a t i o n  of the r e l a x a t i o n  t ime  for  the t h e r m o g e n e r a t o r  (Fig. 
lb )  unde r  a s tep  d i s t u r b a n c e  in the t e m p e r a t u r e  of the h e a t - t r a n s p o r t  m e d i u m .  

The ini t ial  data  a r e  

b 1 = b  7 = 5 . 1 0  -3 m; b z = b  6 = 0 , 1 . I 0  -3m; 

b 3 = b 5 = 1,5-10 -3 m; b a = 4.10 -3 m; 

Treed, max =300~ Tcmax = 5 0 ~  

Q = 0,11 kcal/kg, deg; c~ = 0,094 keal/kg, deg; 

Q = 0,21 kcal/kg, deg; c a = 0,03 kcal/kg, deg; 

Y1 = 7,88.103 kg/mS; ~z = 8,93.108 kg/m3; Y8 = 3.103 kg/mS; 

Ya = 7.103 kg/m3; 

~r, = 58,5 kcal/m, h. deg; Xr~ = 0,5 kcal/m, h. deg; 

~r~ = 331 kent/re, h. deg; ~.r, = 1,29 kcal/m, h. deg; 

Cttp= 4200 kcal/m, h. deg; 

Cttc= 3000 kcal/m, h. deg; kse r = 1; 

% = % p + c t s ~  = 0 , 3 . 1 0  -z V/deg; 

V = 400 mmZ; F = 100 mms. 

A Minsk -22  c o m p u t e r  was used  to d e t e r m i n e  the t h e r m a l  c h a r a c t e r i s t i c s ;  a t ime  i n t e g r a t i o n  s tep  of 
0.5 �9 10 -2 sec  was used.  The g raphs  of r = r(Au) and M = M(Au) employed  in the computa t ions  w e r e  t a b u -  
la ted.  

F i g u r e  2 shows the r e l a x a t i o n - t i m e  r e s u l t s  for  an abrup t  change in T m e  d f rom 100 to 150~ 

Thus  f a r  the ind ica ted  t h e r m a l - c h a r a c t e r i s t i c  va lues  and the g iven  a r r a n g e m e n t  of the t h e r m o g e n e r -  

a to r ,  the r e l a x a t i o n  t ime  is t r = 5 sec .  If we allow for  the n o r m a l l y  p e r m i t t e d  r a nge  of f luc tua t ion  in vo l t -  
age and c u r r e n t ,  however ,  this t ime  is l ess  than 1 sec .  

In l ike m a n n e r ,  we can obta in  t r for  d i s t u r b a n c e s  in T c or  in Tree d and T c s i m u l t a n e o u s l y .  

Let us now look at s o m e  p o s s i b l e  s i m p l i f i c a t i o n s  in ca l cu l a t i ons  for  n o n s t a t i o n a r y  p r o c e s s e s  in t h e r -  
m o g e n e r a t o r s .  F r o m  a d e t e r m i n a t i o n  of the t e m p e r a t u r e  d i s t r i b u t i o n  over  the l a y e r s  of the t h e r m o g e n e r -  
a tor  h e a t - t r a n s f e r  s u r f a c e  (Fig.  3), we can draw the n a t u r a l  conc lus ion  that the g r e a t e s t  t e m p e r a t u r e  d i f -  
f e r e n t i a l  occu r s  a c r o s s  the l a y e r  of s e m i c o n d u c t o r  m a t e r i a l  and e l e c t r i c a l  i n so l a t i on .  

To make  a quan t i t a t ive  e s t i m a t e ,  we in t roduce  the p a r a m e t e r  A T / b ,  where  AT is the t e m p e r a t u r e  d i f -  
f e r e n c e  a c r o s s  the given l aye r ,  whi le  b is the l a y e r  t h i cknes s .  F o r  Tree d = 100~ and T c = 20~ for  the 
spec i f i c  type of t h e r m o g e n e r a t o r  c o n s i d e r e d  (Fig.  lb )  we have:  

for  l a y e r  1, AT,2o I = 0.6 d e g / m m ;  
for  l a y e r  2, A T / b  2 = 80 d e g / m m ;  
for  l a y e r  3, A T / b  3 = 0.6 d e g / m m ;  
for  l a y e r  4, A T / b  4 = 28 d e g / m m .  

As a c o n s e q u e n c e ,  we can neg lec t  the in f luence  of l a y e r s  1 and 3 with no toss  of a c c u r a c y .  

In such ca se ,  the equat ion  s y s t e m  for  the n o n s t a t i o n a r y  p r o c e s s e s  in the t h e r m o g e n e r a t o r  can be s i m -  
p l i f ied ,  and w r i t t e n  as 
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Fig.  2. C u r r e n t  (I, a), vol tage  (U, v), and power  (P, W) of t h e r m o -  
g e n e r a t o r  as funct ion of t ime (t, sec)  under  abrupt  change in Tme  d 
f r o m  100 to 150~ 

Fig .  3. Stat ic  d i s t r ibu t ion  of t e m p e r a t u r e  (u, ~ ove r  l a y e r  th ick-  
ness  (x, ram) in t h e r m o g e n e r a t o r .  

Ou~ 02u~ _ 1 9s Xo<X.~X,; 
Ot -- X~ Ox ~ 2 ' 

Ou~ O~tq x, < X ~ X~; 
O-7- = x ~  Ox ~ , 

Ou~ O~u3 1 
Ot - X]  ~ + ~ ~s , x2 < x < x 3. 

(13) 

Here  the initial condi t ions  a r e  

the boundary  condi t ions  a r e  

and the l a y e r  contac t  condi t ions  a r e  

uj (x) It=0 = q)j (x) (i = I, 2, 3), 

Oul 
--O-ff + hlux )x=xo = hlTmed 

Ou3 
- -  ~ + h3u, ) . . . .  = h3Tc 

Ou~ ou~ + 
)~r,-'O" f f  = )~T, Ox qPh ' x = x t ;  

(i4) 

(15) 

U 1 = Us;  

Ou2 Ou3 

U 2 ~ /./3, 

w h e r e  uj = u(x, t) (j = 1, 2, 3) is a cont inuous funct ion of the t e m p e r a t u r e  d i s t r ibu t ion ,  having p i e c e w i s e -  
continuous de r iva t i ve s  up to o r d e r  two, r e s p e c t i v e l y .  

N O T A T I O N  

u, is the t e m p e r a t u r e  d i s t r ibu t ion  funct ion;  
F is the c r o s s - s e c t i o n a l  a r e a ;  
~/ is the spec i f i c  g rav i ty  of the m a t e r i a l ;  
V is the vo lume of the m a t e r i a l ;  
G is the flow ra t e  of the h e a t - t r a n s p o r t  med ium (coolant);  
5 is the dens i ty  of the m a t e r i a l ;  
e is the heat  capac i ty  of the m a t e r i a l ;  
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X 2 

aT 
a s 

A T 
Th 
TC 
Treed 
Tc 
O j  

qph 

qpc 

h = ~T/~  T 
R 
r 
M = r / k s e r r  
k se r  
b 
t 
I 

U 
P 

is the 

~s the 

~s the 

is the 

is the 

is the 

,s the 

~s the 

is the 

thermal diffusivity; 
heat-transfer coefficient; 
thermal emf coefficient; 
thermal-conductivity coefficient; 
temperature of the thermocouple hot junctions; 
temperature of the thermocouple cold junctions; 
temperature of the heat-transport medium; 
temperature of the coolant; 
per-second temperature variation caused by Joule heat; 

m the density of the heat flux result ing from the Pel t ie r  heat absorbed at the thermocouple 
hot junctions ; 
is the density of the heat flux produced by the Pe l t ie r  heat l iberated at the thermocouple 
cold junctions ; 
is a coefficient; 
ts the e lec t r ica l  res is tance  of the load; 
~s the internal e lect r ical  res is tance  of a single thermocouple;  
is the optimal ratio of e lec t r ica l  res i s tances ;  
is the number  of se r i e s -connec ted  thermocouples;  
m the thickness of the layer  of mater ia l ;  
is the time; 
~s the current ;  
~s the voltage; 
~s the e lect r ical  power. 

I~ 

2. 
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